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Summary. The Baade-Wesselink (BW) inversion technique is applied to three 
pulsators - the RRab stars SW Dra and X Ari, and the classical Cepheid, U Sgr. 
In this method, the observed light and colour curves are fitted with Fourier 
series and various surface brightness parameterizations are employed. We 
apply a number of tests and fail-safes to distinguish meaningful from fortuitous 
solutions. These tests evaluate the stability of the solution to both methodologi-
cal changes, e.g. in the calculation mode or in the phase domain treated, and to 
changes in the treatment of the observations as expressed by the use of different 
Fourier fits. A surface brightness parameterization employing the V-K colour is 
found to be superior for RR Lyrae stars, but B-V is superior for classical 
Cepheids. We derive a consistent radius for SW Dra but are unable to do so for 
X Ari, probably due to gaps in the K magnitude data for the latter star. In the 
case of U Sgr, a radius is obtained but with unsatisfactory accuracy, again 
probably due to phase gaps in the photometry. The inversion technique is 
found to be highly sensitive to the observations and clearly selects the tightly 
defined Cousins photometry over the more loosely standardized Johnson 
photometry in the case of U Sgr. This argues for the physical reality of the 
parameterization employed. We compare our results with those of other 
authors and note some advantages of the BW inversion. Finally, we assert that, 
given highly accurate data and extensive coverage of the cycle (e.g. as in the 
SW Dra observations), the BW inversion technique can determine radii with 
methodological uncertainties (i.e. those connected with the details of how the 
method is applied and with observational errors) of only a few per cent. 
1 Introduction 
The Baade-Wesselink (BW) technique offers a 'direct' means for determining the radius of a 
pulsating star. This means has a long history in the literature and was reviewed recently by 
Gautschy (1987). Modern applications of the BW technique may take advantage of excellent 
data-photometry obtained in tightly standardized systems and highly accurate radial velocities. 
In all versions of the BW technique the observed radial velocity curve is integrated to obtain 
the instantaneous 'spectroscopic' displacement, whereupon some procedure must be invoked 
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to transform the observed photometry into an instantaneous 'photometric' radius or angular 
diameter. Such a transformation ultimately involves the translation of colours into tempera-
tures and bolo metric corrections and may be accomplished either by directly employing a 
model atmosphere or through the use of a given parameterization. Once this transformation 
has been made, the unperturbed radius (and sometimes the distance or absolute magnitude as 
well) can be determined by forcing the spectroscopic and photometric displacements to agree 
as best possible. When a parameterization is used the unknown coefficients which multiply the 
parameters, and the unperturbed radius, may be determined either consecutively or 
concurrently. 
Two popular versions of the parameterization method were devised by Barnes et al. (1977) 
and Balona (1977). In the former, as generally employed, a single surface-brightness/colour 
relation (parameterization) is used for all stars in a sample. The unknown coefficient is deter-
mined by an averaging technique involving a large sample of stars, following which the 
individual radii are derived. Thus the calculation is essentially 'consecutive', in the sense given 
above. Although formal errors are generally quoted for both the coefficient and the radii (e.g. 
Gieren 1984; Moffett & Barnes 1987; Barnes et al. 1987), no framework is established 
wherein these errors are used to evaluate the method as applied to individual stars. 
In the version of Balona (1977), the calculation is 'concurrent', with the coefficients and the 
radius determined simultaneously. In this case, the coefficients are distinct for each star. A 
formal standard deviation is given for each star (see, e.g. Gieren 1982), which represents the 
difference between the spectroscopic and photometric radii over the cycle. While a maximum 
likelihood technique is used to treat observational errors, these errors by necessity blend 
together with those involved in the determination of the coefficients and the radius, and none 
of these can be individually retrieved from the single standard deviation. Once again, the 
aptness of the technique as applied to individual stars is not evaluated. 
In the studies cited above, the stars treated were classical Cepheids, generally in samples 
that were relatively large. However, in a recent series of papers (Jones, Carney & Latham 
1988, hereafter JCL and references therein; Jones et al. 1987a, hereafter J87a; and Jones et al. 
1987b, hereafter J87b), radii and absolute magnitudes were determined for a handful of 
RR Lyrae stars with the emphasis on individual treatment. In a subsequent article, Fernley et al. 
1988 (hereafter F88), analysed one of the same stars, the metal-poor pulsator, X Ari. Although 
there were significant differences between the methods employed by these two groups 
(hereafter the 'Jones' group and the 'Fernley' group, respectively), both used model 
atmospheres to translate observed colours ('Jones' group) or integrated fluxes ('Fernley' group) 
into 'photometric angular diameters'. This is in contrast with the parameterization studies 
described above. 
In the RR Lyrae investigations, the calculation was essentially 'consecutive'. Both groups 
plotted the spectroscopic and photometric angular diameters versus phase but did not 
calculate their deviation. Individual error estimates were made for various components of the 
studies, and a number of methodological variations were tried as a means of assessing the 
techniques. It was found necessary by both groups to exclude a part of the pulsation cycle. 
We note here with regard to past studies that, for both the classical Cepheids and RR Lyrae 
stars, a consensus has gradually emerged in favour of data at longer wavelengths: H, K and 
V-K, in various combinations, for the RR Lyrae stars, and V-R for the Cepheids. For both 
types of object, the use of B- V seems to have fallen into disrepute. 
The present investigation treats two RR Lyrae stars and one classical Cepheid employing 
the BW inversion technique outlined by Simon (1987). This is a parameterization method 
which shares various attributes with many of the calculations mentioned above. We list a 
number of characteristics of the inversion technique which will be elaborated and illustrated 
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as this article proceeds: (i) the spectroscopic and photometric observations are all represented 
by Fourier series; (ii) calculations are made in both the consecutive and concurrent modes; (iii) 
multi-variable parameterizations are tested which employ two colours, or a colour in combina-
tion with the dynamic variables v 2 and a (kinetic energy and acceleration); (iv) a framework of 
quantitative tests is set up to answer, with respect to any given calculation, the question, 'how 
believable is the radius which was derived?', and (v) the method is able to make full use of, and 
indeed requires, observations of high accuracy and extensive coverage of the cycle. 
In Section 2 below we develop the inversion technique which is illustrated and elaborated in 
our treatment of the RRab star, SW Dra (Section 3). Section 4 treats another RRab star, X Ari. 
The analysis shows that our method derives a credible radius in the former case but not in the 
latter. The likely reasons for this difference are discussed in Section 5. In Section 6 we compare 
our results with those of the 'Jones' and 'Fernley' groups. Section 7 presents a treatment of the 
classical Cepheid, U Sgr. Finally, in Sections 8 and 9, we give, respectively, a brief overall 
discussion and a summary of our conclusions. 
2 The inversion technique 
The basic formulation of the inversion technique is given by Simon (1987). Let the instan-
taneous radius of a pulsating star be written in the form R = Ro + r, where Ro is the 
unperturbed radius and r the displacement. We consider the ratio of the instantaneous angular 
diameter ~ at two phases of the pulsation: 
( ~l) (Rl) (Ro + rl) 1] = log - = log - = log . ~2 R2 Ro + r2 
For r t / Ro, r2/ Ro ~ 1, we have 
log e 
1] =-- (rl - r2)' 
Ro 
(1) 
(2) 
The displacement rmay be determined at any phase from the observed radial velocity curve as 
described by Simon (1987). This in turn fixes 1] for any phase pair according to equation (2). 
The Baade-Wesselink method requires that, in addition, one be able to determine the 
quantity 1] from the photometry. In the surface brightness version (e.g. Barnes & Moffett 1985; 
Gieren 1985) the radius is written as a function of a given magnitude m plus the temperature 
and bolometric correction which are then parameterized, typically in terms of a single colour 
e, namely R = R(m, Te , Be) = j(m, C). In the present work we test the utility of broadening 
the parameterization to include not only different colours ei, but also the square of the pulsa-
tional velocity, v 2, and the acceleration a, the latter two determined from the observed velocity 
curve (Simon 1987). Thus we write 
(sum over i). (3) 
Here, we employ the V magnitude, a series of colours C and also the velocity and acceleration, 
all measured at pairs of phases of the pulsation. The tilde on the lhs of equation (3) indicates 
that 1] is determined with the aid of photometry, as opposed to equation (2) where only the 
velocity curve is used. The constant coefficients hi' a, f3 remain to be determined. If we were to 
set a = f3 = 0 in equation (3) and employ only a single colour, V-R, then the parameterization 
would be the same as that chosen by Gieren (1984,1985) and Moffett and Barnes (1987). We 
note that because equation (3) always compares two pulsational phases, the quantity i] is 
independent of distance, reddening and of any zero points - e.g. of a temperature scale. 
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In the actual practice of determining radii it will be useful to refer all pulsational phases to a 
reference phase which we will take to be that of maximum radius. Thus we rewrite equations 
(2) and (3) in the more convenient form 
log e 
'7m(r) =~ (rm - r), 
Ro (4) 
(sum over i). (5) 
Here the subscript m refers to the phase of maximum radius while the unsubscripted variables 
refer to an arbitrary phase. 
The motivation for the inversion technique comes from the circumstance that pairs of 
phases of equal radius can be determined with high precision from modern velocity curves. 
Suppose then for a given star we find N such pairs (in practice, N = 50), labelling them with the 
index j. For each pair we have, by definition, rjl =rj2 and thus from equation (2), '7j= O. The 
consistency of the Baade-Wesselink analysis then requires that the photometric quantity ~ 
[equation (3) 1 also vanishes for each pair, i.e. ~ i = 0 for all values of j. We shall use this require-
ment to determine the coefficients in equation (3) by finding the values of hi' a and fJ which 
minimize the quantity 
j=1 
The standard deviation associated with the minimizing set of coefficients is given in the normal 
way as 
a(pair)=op=( I ~~)1/2/NI/2. 
J=1 
( 6) 
Thus, that set of coefficients (hi' a, fJ) which minimizes op is the set which will be selected. 
Having chosen the coefficients we may now consider separately each of our 2 N phases 
without further regard for the pairings. For each phase 1/J the observations yield values for all 
the variables, namely r( 1/J), v 2( 1/J), a( 1/J), V( 1/J), eN). In practice these are all continuous 
functions since we represent all of the variables in terms of truncated Fourier series fit to the 
observed points (Simon 1987). Since, in particular, there is a displacement r associated with 
each phase 1/J, we may consider the other variables to be functions of r, namely, v 2(r), a(r), V(r), 
Ci(r). Then, knowing the coefficients (hi' a, fJ), we may easily determine from equation (5) the 
function ~ m( r), defined at the 2N points we have treated. 
At this point it is important to note that no restriction was placed on the form of the function 
~m(r). It could turn out to be linear, quadratic, logarithmic - anything! The only requirement 
was that the coefficients selected minimized op. However, a glance at equation (4) shows that 
the spectroscopic function '7m(r) must, by definition, be linear.* Thus a strong test of our 
parameterization (hi' a, fJ) will be its linearity, i.e. how close is the function ~ m( r) to a straight 
line, and, in particular, that straight line whose form is given by equation (4). Let us then fit 
~ m( r) with the best possible straight line by finding the value of Ro which minimizes the 
difference between equations (4) and (5), with associated standard deviation 
(7) 
* It is shown in Section 6 that as a practical matter nm( r) will almost always be linear. However, should 
departures from linearity become important for a given star, the precise (logarithmic) form [see equation (11)] 
can be used for 1J m( r) with equation (7) holding as before. 
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In this process not only will we determine an unperturbed radius Ro, but the smallness of a l 
will provide us some indication of how much we ought to believe the radius thus selected. 
For future reference let us call the procedure just described, Mode 1. However, there are 
other ways in which one might proceed. For example, one could choose 2N arbitrary phases 
covering the cycle (or, alternatively, choose N pairs and then 'forget' they are pairs) and then 
determine the entire set of quantities (hi' a, (3, Ra) by minimizing the standard deviation al in 
equation (7) while ignoring ap [equation (6)]. This we shall call Mode 2. Finally, one could 
combine these procedures by choosing N pairs and again determining the entire set 
(hi' a, (3, Ro) but this time by simultaneously minimizing both ap [equation (6)] and al [equation 
(7)]. We call this method, Mode 3. In the language of Section 1, Mode 1 is 'consecutive', and 
Modes 2 and 3 'concurrent'. 
It should be noted that in employing Mode 2 we, strictly speaking, abandon the inversion 
technique since no use is made of pairs of phases of equal radius. In Mode 3, on the other 
hand, we force the solution (hi, a, (3, Ra) to simultaneously fit both the pairs and the straight 
line to the greatest extent possible. The disadvantage here is that the straight line fit, having 
been incorporated into the determination of the coefficients, can no longer serve as a check on 
the procedure. However, we remark that in perfect or optimum fit, all three modes should 
yield the same solution. Thus, while Mode 1 will constitute our preferred method, we shall also 
employ Modes 2 and 3. To the extent that the latter solutions are the same as the former, we 
have another verification of the reality of the results. 
Finally, we note that in all calculations which follow, we use the projection factor f= 1.31 to 
transform observed radial velocities into pulsational velocities. 
3 SW Draconis 
We begin our investigation with the moderately metal-rich RRab star, SW Dra. We treat the 
data published by J87b as corrected by JCL. Fourier series of various orders are fitted to the 
published velocity observations, and V and K magnitudes and the B-V colour. Table 1 
Table 1. Fourier fits for SW Dra, P= 0.56966993 d. 
Name Order SD R21 iJ>21 
Ve5 5 3.03 0.433 5.885 
Ve6 6 2.51 0.463 5.870 
Ve7 7 2.21 0.442 5.864 
V5 5 2.51 (-2) 0.526 4.054 
V6 6 2.12(-2) 0.517 4.082 
V7 7 2.02(-2) 0.518 4.076 
K3 3 1.69(-2) 0.346 5.832 
K4 4 1.29(.-2) 0.353 5.885 
K5 5 1 • 1 5 ( -2 ) 0.349 5.861 
K6 6 1.14(-2) 0.348 5.866 
BV6 6 6.97(-3) 0.462 3.548 
R31 iJ>31 
0.310 5.658 
0.320 5.707 
0.310 5.645 
0.341 2.148 
0.337 2.164 
0.334 2.157 
0.194 5.123 
0.195 5.144 
0.198 5.165 
0.195 5.160 
0.263 1.298 
iJ> 41 
5.487 
5.551 
5.508 
0.379 
0.371 
0.358 
4.465 
4.375 
4.373 
5.380 
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Table 2. Standard runs for SW Dra. 
v2 
op oQ. 
No. Mode B"V V-K a (x10 3) (x103 ) RQ 
A1 -3.021(",1) -: ... ~ 8.01 6.18 6.76 
B1 -1.307(-1) 4.03 2.71 5.33 
B2 2 -1.304(-1 ) 4.04 2.71 5.34 
B3 3 -1.306(-1) 4.03 2.71 5.34 
Cl -6.686(~2) "1.018(·-1 ) ~- 3.47 2.85 5.58 
D1 -1.232(-1) 1. 314(-2) 1. 82 4.86 4.06 
El "'1.309(~1) 2.478(-1) 3.70 3.98 5.54 
F1 -1.236(-1) 1.251(-2) 8.993(-2) 1.73 5.32 4.15 
F2 2 ,-1.278(;-1 ) 4.543(-3) -2.289(-1 ) 3.82 2.34 4.66 
F3 3 -1.266(-1) 6.734(-3) -1.854(-1) 3.21 2.53 4.48 
provides a brief summary of the various fits. The first three columns give a fit name (where 
Ve = velocity, V = V mag, K = K mag, BV = B-V) along with the order and standard deviation 
of the fit (the latter in magnitudes or km s - 1 as appropriate). The last five columns display 
some parameters which characterize the Fourier representation of the data (see, e.g. Simon & 
Moffett 1985, and references therein). 
The fits we selected for use, hereafter called the standard fits, are Ve6, V6, K4 and BV6. 
The criterion was that the size (amplitude) of the smallest term in the series (in practice, the last 
term) be approximately equal to the standard deviation of the entire fit. The effect of choosing 
fits of other orders will be examined below. 
We now apply the techniques described in Section 2. We test a variety of parameterizations 
[equations (3) and (5)), using different combinations of the variables. When the V-K colour is 
employed a Fourier representation of the data is obtained by simply subtracting the Fourier 
series representing K from that representing V. 
Table 2 presents the results of the 'standard' calculations. The first two columns indicate, 
respectively, a number labelling the calculation (or 'run') and the mode employed (see Section 
2). The next four columns give the coefficients that were determined for the four variables in 
equations (3) and (5), namely the two colours B-V and V-K, and the two hydrodynamic 
quantities v 2 and a. A blank column indicates that the variable in question was not included in 
the . corresponding parametffization. Columns 7 and 8 give op [equation (6)) and 0, [equation 
(7)), both multiplied by 103• With regard to Mode 2, while the pairs play no role in determining 
the coefficients, nonetheless once they are determined, the quantity op defined by equation (6) 
may be formally evaluated. This has been done in all Mode 2 cases and accounts for the 
corresponding entries in Table 2. Finally, the last column gives the unperturbed radius Ro 
(solar units) resulting from each calculation. 
Runs A1 and B 1 employ Mode 1 parameterizations involving single colours only - in the 
former case, B-V, and in the latter V-K. The derived radii, Ro, are in substantial disagreement 
while the values of op and 0, are twice as large for B-V as for V-K. Fig. 1 shows side by side 
plots of ~m (symbols) and 'Yfm (solid line) versus displacement for runs A1 and B1, respectively. 
The dots indicate the contraction phase, the crosses expansion. 
Before discussing this figure specifically it will be useful to make some general comments 
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Figure 1. iim and 1'Im versus displacement r (the 'eta plot') for runs Al (B- V) and BI (V-K) for SW Dra (see 
Table 2). Symbols denote ii '" -dots: contraction; crosses: expansion. (Where symbols coincide, only dots are 
plotted). The solid line denotes 1'1",. 
regarding the "1m 'YJm versus rplot (henceforth, the 'eta plot'). This diagram is very similar to the 
angular radius (or diameter) versus phase plots employed by a number of authors, notably 
J87a, J87b, and F88. However, there are two differences: (i) in the present diagram, the expan-
sion and contraction phases are folded over each other and the periodic variation rendered as 
a straight line through use of the displacement, rather than the phase, as abscissa, and (ii) 
whereas other authors plot true angular radii, our quantities "m and 'YJm are always normalized 
to maximum radius. The first of these differences is strictly cosmetic, a matter of convenience. 
With regard to the second, the need for normalization is inherent in our method in which the 
distance to an observed object is (purposefully) excluded from the analysis. The advantages of 
doing this are discussed elsewhere in the article. 
Fig. 1 strikingly illustrates the numerical indication in Table 2 that the V-K result is far more 
trustworthy than that for B- V. Note that the vertical distance separating dots and crosses at 
given values of r illustrates 0P' while the separation of the line from the symbols illustrates 01' 
The B-V colour provides a poor representation throughout the expansion phase (crosses) and 
is particularly bad on both sides of minimum radius. On the other hand, while V-K also falters 
somewhat near minimum radius, the overall representation is generally good. An attempt to 
quantify what is meant by 'generally good' will be undertaken below. 
The result that V-K is far superior to B- Vas a parameter characterizing temperature and 
bolometric correction is fully in line with the findings of other workers, notably J87a and J87b. 
Because of this and because we find the same indication for the b-y colour in the case of the 
RR Lyrae star X Ari, we shall (with one small exception just below) abandon the testing of blue 
colours as parameters for RR Lyrae stars. However, we shall find the situation quite different 
later on, when we turn to the classical Cepheid, U Sgr. 
Runs B2 and B3 again use the V-K colour, but employ Modes 2 and 3, respectively, in the 
analysis. One sees from Table 2 that changes in the numerical results are entirely negligible. 
This adds to our confidence in the parameterization. Run C1 represents our first attempt at a 
multi-variable parameterization. Despite the poor result obtained in using B- Valone, we add 
it here to V-K in the hope that the extra colour might produce small corrections which would 
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improve the accuracy of run Bl. Table 2 shows that although V-K dominates in C1, the con-
tribution from B-V is not small. We compare C1 with Bl. The calculated radius Ro is 5 per 
cent larger in the former, while a p decreases. The last result cannot be otherwise since Mode 1 
demands a minimization of ap and there are two variables in C1 as opposed to a single variable 
in B 1. However, the telling quantity here is a l which actually increases slightly in C 1, despite the 
extra variable. This is unacceptable. Here and henceforth we shall insist that as extra variables 
are added to the Mode 1 parameterization, a l must decrease. Thus C 1 must be rejected. 
Our next run is D1 in which we add the hydrodynamic parameter v 2 to V-K. The radius we 
obtain drops sharply as does ap • However, the value of a l rises sharply, causing us to discard 
Dl. Next, in run E1, we add the acceleration a to V-K. The radius increases a bit over B1, and 
ap drops a little, but once again a l is up sharply. We reject El. 
The last entries in Table 2 display results from a triple parameterization combining V-K 
with both the hydrodynamic variables v 2 and a. Given that the latter two parameters are not 
separately successful in combination with V-K it is not really to be expected that they will work 
in concert. However the runs F1, F2 and F3 will prove very useful in pointing out the pitfalls 
of multivariable parameterizations as well as the safeguards that may be employed. In run F3 
we use Mode 3 in which ap and a l are minimized simultaneously. Both values are seen to 
improve as compared with run B 1, while the derived radius is significantly smaller. We now 
must ask whether the run F3 is really an improvement on B1 (in which case we will accept the 
smaller radius) or whether the improved values of ap and a l are merely due to the principle that 
'with enough variables you can fit anything'. The answer comes from running Modes 1 and 2 
with the same parameters. In run F 1, a p is down still further, but a" no longer mandated to be 
small, rises dramatically. In Mode 2 (run F2), which minimizes ai' this quantity falls but at the 
expense of ap which rises. Furthermore, the values of the coefficients change greatly from 
mode to mode, particularly those multiplying v 2 and a. Finally, the calculated radius is rather 
unstable with Ro ranging from 4.2 in Mode 1 to 4.7 in Mode 2. We conclude that the triple 
parameterization fails for SW Dra and should be rejected. 
We are left with run B1, the single-variable parameterization which employs the colour 
V-K. Ought we to accept the radius, Ro = 5.3 R 8 , which emerges from this calculation? 
Perhaps, but before doing so it would be prudent to perform additional tests. One such test 
consists of measuring the sensitivity of the result to restriction of the phase range included in 
the calculation. That is to say, if the V-K parameterization truly constitutes a physical descrip-
tion of the temperature and bolometric correction for SW Dra over its cycle, then calculations 
performed using different parts of that cycle ought to yield results which are in reasonable 
agreement. Of course, the more we restrict the phase range, the more risk there is that local 
irregularities will unduly influence the calculation, producing a discrepant result. 
Table 3 displays the results of runs performed over limited phase range. The next-to-Iast 
column indicates the given phase domain, where the phase 1/J is defined exactly as in J87 a, i.e. 
with 1/J = 0 corresponding to maximum light. The last column gives the quantity 
where r max and r min are the maximum and minimum displacement attained over the entire 
cycle, and ra and rb the maximum and minimum displacement attained within the restricted 
phase range. Thus ~ r is the fraction of the radius amplitude which is sampled within the 
restricted phase domain. 
The first entry in Table 3 merely repeats for reference the full-phase run Bl. The phase 
range in run B 1 a is centred approximately on maximum radius and is similar to the phase 
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Table 3. Restricted phase runs for SW Dra. 
(x~g3) 0Q, Mode V - K (xl03) RO Range t:.r 
-1.307(-1) 4.03 2.71 5.33 0.0 to 1.0 1.00 
-1.270(-1) 1.65 1 .73 5.26 0.1 to 0.7 0.41 
2 -1.267(-1 ) 1.66 1.73 5.28 
" " 
3 -1.269(-1) 1.65 1. 73 5.26 " II 
:-1.311(,-1) 4.11 2.88 5.33 0.6 to 1.2 0.77 
2 -1.308(-1) 4.13 2.87 5.35 " II 
3 -1.310(,..1) 4.11 2.87 5.33 " " 
domains employed by J87a, J87b and F88. On the other hand, run BIb employs a domain 
centred on minimum radius and includes the phase range rejected in the previous investiga-
tions. We see from Table 3 a remarkable stability of the calculated radius Ro to restriction of 
the phase domain. In fact, the extreme precision of the agreement may be fortuitous, particu-
larly for Bla which samples only 41 per cent of the radius variation despite encompassing 60 
per cent of the phase. Be that as it may, the result of this test is very encouraging. 
We now turn to the important question of the effects of uncertainties in the observations 
upon the results obtained with the inversion technique. Because we have chosen to represent 
the observed data with Fourier series, the value we use for an observed variable (magnitude or 
velocity) at a given phase depends on the global (rather than local) characteristics of that 
variable, i.e. on the entire cycle. Were we to obtain nearly ideal coverage, blanketing the cycle, 
then the Fourier representation would be accurate indeed. In that case, assuming the observa-
tional errors to be random, the uncertainty would not be measured by the standard deviation 
of the Fourier fit, but would rather have a much smaller magnitude, namely that associated 
with the truncation of the series. 
However, when we deal with observations whose phase coverage is less than ideal, careful 
attention must be paid to the uncertainties. This is because two different Fourier representa-
tions of a data set differ not randomly but systematically. To get a handle on the effects of such 
uncertainty, we shall redo the inversion calculations, using Fourier fits of different order for 
one variable at a time, while retaining the standard fits for all the other variables. 
We begin by employing fits of different order for the K magnitude while keeping the 
standard fit (Ve6, V6) for the velocity and V magnitude (see Table 1). Table 4 presents the 
results of a V-K parameterization with different Fourier representations for the K data. The 
first four entries in Table 4 - BIK3, BIK4, BIK5 and BIK6 - refer to runs performed with 
3rd, 4th, 5th and 6th order fits to K, respectively. The run BIK4 is identical to Bl and is 
repeated here merely for reference. Comparing B lK3 to B lK4, we notice that a p and, particu-
larly, a, are much worse in the former. We conclude that a 3rd order representation for K is not 
sufficient and thus reject fit BIK3. Turning to BIK5 and BIK6 we note substantial improve-
ment in ap and slight improvement in a, as compared with BIK4. The passage from K5 to K6 
produces only marginal enhancement of the results. We have repeated all the runs in Table 4 
employing Modes 2 and 3 and, as before, find totally negligible changes in the results. The 4th, 
5th and 6th order Fourier fits to K produce a range of calculated radii: 5.07 ~ Ro ~ 5.33. 
The next entries in Table 4 display the results obtained by varying the order of Fourier fit for 
the V magnitude (runs Bl V5 and Bl V7) and velocity (runs Bl Ve5 and Bl Ve7), respectively. In 
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Table 4. Runs with different Fourier fits for SW Dra. 
(-x~E3) o~ No. Mode V ... K (x103) RO 
B1K3 "'1.292("'1 ) 6.83 4.57 5.01 
B1K4 "'1.307(-1) 4.03 2.71 5.33 
B1K5 ;-1.311 (-1) 2.46 2.56 5.07 
B1K6 -1 .309 (-1 ) 2.24 2.30 5.18 
B1V5 -1.308(-1) 3.90 2.64 5.45 
B1V7 -1.307(-1) 4.05 2.66 5.39 
B1Ve5 -1.306( .... 1) 3.88 2.58 5.42 
B1Ve7 -1.305(-1) 3.89 2.61 5.38 
Blopt -1.306(.-1) 2.20 1.80 5.44 
all cases, op and 0, improve marginally (compared with standard run B1K4), while the range of 
calculated radii is very small: 5.33 ~ Ro ~ 5.45. Once again, switching to Modes 2 or 3 makes 
no difference. The final entry in Table 4, B10pt depicts results from the 'optimal' group of 
Fourier fits: Ve7, V7, K6. The associated radius is Ro "'" 5.44. Finally, we note that 0p' 0, and 
Ro seem to be more sensitive to uncertainties in K that to those in V or in the velocity. This 
result agrees with that of Caccin et al. (1981). 
Fig. 2 shows the eta plot for run B10pt. While this solution looks good to the eye, we now 
face the difficult task of trying to make a quantitative estimate of its accuracy. To do this let us 
suppose for a moment that the (V, V-K) surface brightness representation constituted a 
perfect physical description of the pulsating atmosphere of SW Dra. In that case any failure of 
the dots, crosses and straight line to coincide in Fig. 2 would be caused by observational 
uncertainty. Let us treat the velocity curve first, asking what error in selecting pairs of phases of 
equal radius is occasioned by uncertainties in the observed velocities. This error was estimated 
by Simon (1987) for the worst possible case in which the errors add for the two members of the 
pair. Cutting this estimate in half, one obtains in the case of SW Dra, 
(8 ) 
where I ov I is the average uncertainty in the velocity. 
The error incurred due to uncertainties in the V magnitude may be estimated from equation 
(5) as 
I~~I =0.21 oVI, (9) 
while the error from V-K is 
I~~I =0.26 I o(V-K ll, (10) 
where the V-K coefficient comes from Table 4. 
Now the error emerging from fit B10pt is, according to Table 4, 1~1]I, 1~1j1 "'" 0.002. An 
error of this magnitude would be obtained for I ovl =2.1 km S-l [equaton (8)] or 
10 Vi = 0.01 mag [equation (9)] or I o( V-K) I = 0.008 mag [equation (10)]. Or, adding the error 
estimates quadratically, we would achieve an error of 0.002 with, for example, the triplet 
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Figure 2. Eta plot for run Blopt for SW Dra (see Table 4). Symbols as in Fig. 1. 
I bvl =0.75 km S-I, I bVI =0.006 mag, I b(V-K)1 =0.006 mag. We reiterate here that the 
uncertainties in question are global and involve the various Fourier representations as 
discussed above. 
While it is impossible at present to separate observational errors from those which arise 
from weaknesses in the (V, V-K) representation, observational uncertainties of the order given 
just above do not seem out of line. If this is true, it means that the errors caused by the 
inappropriateness of the surface brightness parameterization are small in the case of SW Dra. 
We shall return to this discussion later after treating two additional pulsating stars, X Ari and 
U Sgr. 
4 XAri 
The extreme metal-poor pulsator X Ari was recently treated by J87a and by F88. We fit 
Fourier series to the velocities, V and K magnitudes and V-Rand b-y colours as published by 
J87a and corrected by JCL. Table 5 describes the various fits. As in the previous section we 
choose a standard fit, in this case, Ve7, V7, K5, VR7 and by5. 
Our analysis now proceeds in the same manner as for SW Dra. Results are presented in 
Table 6. Comparison of runs AI, Bl and Cl leads us to reject b-yand V-R in favour of V-K 
as a surface brightness parameter. The coefficient of V-K is close in value to that for SW Dra, 
and the standard deviations of the single-parameter V-K runs are also not too different for 
the two stars. Runs C2 and C3, employing Modes 2 and 3, respectively, yield results very close 
to that of Cl (Mode 1), but the stability seems slightly less than in the case of SW Dra. Runs 
Dl, D2 and D3 join V-R to V-K. The calculated radius Ro changes little from Cl, but the lack 
of stability (with respect to mode) of the coefficients and standard deviations lead us to reject 
the two colour parameterization. 
Runs El, E2 and E3 use the parameter v 2 along with V-K. This representation displays all 
the tell-tale warning signs including extreme instability with respect to mode, and standard 
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deviations which exceed those of the single-parameter run, C 1. We reject E 1. In the F series of 
runs we employ the acceleration with V-K. The calculated radius Ro is a few per cent smaller 
than in C1, while both a p and a l diminish as compared with Cl. Furthermore, this parameteri-
zation is rather stable with respect to mode. On the basis of evidence so far, we cannot reject it. 
Table 5. FourierfitsforXAri, P=O.6511571 d. 
Name Order SD R21 <1>21 R31 <1>31 <1>41 
Ve6 6 2.15 0.390 5.922 0.260 5.587 5.476 
Ve7 7 1. 98 0.388 5.920 0.257 5.561 5.490 
Ve8 8 1.80 0.391 5.903 0.256 5.550 5.481 
V6 6 2.42(-2) 0.485 3.901 0.370 1.837 6.135 
V7 7 2.04(-2) 0.483 3.918 0.361 1.866 6.157 
vB 8 1.78(-2) 0.481 3.917 0.360 1.874 6.158 
K4 4 1.57(-2) 0.375 5.750 0.202 5.240 4.146 
K5 5 1.29(-2) 0.420 5.701 0.186 5.127 4.254 
K6 6 1.19(-2) 0.398 5.673 0.195 5.005 4.213 
VR7 7 3.91 (-3) 0.413 3.438 0.280 1. 117 5.064 
by5 5 1.37(-2) 0.447 3.429 0.315 0.902 4.964 
Table 6. Standard runs for X Ari. 
Op O~ 
No. Mode b - Y V - R V - J( v2 a (xl0 3 ) (xl0 3) RO 
Al -4.860(-1 ) 14.7 12.8 12.3 
81 -5.500(-1) 6.89 5.41 6.97 
Cl -1.290(-1 ) 3.02 3.37 7.20 
C2 2 -1.285(-1 ) 3.08 3.35 7.26 
C3 3 ,..- ,-1.288(.-1 ) 3.03 3.36 7.22 
Dl ~4.389(-2) -1.188(-1) 2.98 3.05 7.1"8 
D2 2 ~1.694(-1 ) '-8.905(-2) 3.37 2.61 7.15 
D3 3 1-- -1.288(-1 ) ·-9.875 (-2) 3.16 2.66 7.15 
El .... 1.267(-1 ) 3.847(-3) 2.81 3.62 6.47 
E2 2 "1.290(-1 ) -7.776(-4) 3.17 3.35 7.43 
E3 3 ,.- -1.284(-1 ) 7.560(-4) 2.96 3.38 7.07 
F'1 '-1.289(-1 ) -3.346(-1 ) 2.53 3.01 6.90 
F2 2 -1.286(-1 ) -2.499(-1) 2.58 2.96 7.00 
1'3 3 --1.288(-1 ) -2.706(-1) 2.55 2.96 6.97 
Gl -1.255(-1 ) 5.537(-3) -4.136(-1 ) 1.99 2.74 5.92 
G2 ? -1.255(-1 ) 5.257(-1 ) -4.109t-l) 2.01 2.74 5.98 
G3 3 r- -1.255(-1 ) 5.382(-3) -4.149(-1) 1.99 2.74 5.95 
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Figure 3. Eta plot for runs Cl (V-K) and Gl (V-K, v 2, a) for X Ari (see Table 6). Symbols as in Fig. 1. 
The G series is a triple parameterization involving V-K, v 2 and a. The radius Ro drops 
dramatically from C 1 or F 1 while the standard deviations also diminish. The series is very 
stable with respect to mode. In Fig. 3 we compare the eta plots of C1 and G 1. The C1 repre-
sentation has problems at both extremes of radius. In the G 1 plot, the inconsistencies at 
minimum radius have been cleaned up, but the difficulties at maximum persist. 
Thus, unlike the case of SW Dra, our treatment of X Ari yields a triple parameterization 
(V-K, v 2, a) whose standard deviations (ap and all are smaller than those of the one-parameter 
run and which satisfies the criterion of stability with respect to mode. Could it be that there 
exists in the atmosphere of X Ari, a dynamical phenomenon (absent from SW Dra) whose 
description requires the addition of hydrodynamic variables? We shall attempt to answer this 
question by applying the further tests described in Section 3. 
Table 7 presents the results of calculations performed over restricted phase intervals. The 
domain [a] (0.1 :;;;; 1/J:;;;; 0.7) is centred roughly on maximum radius and includes 45 per cent of 
the radius amplitude; the domain [b] (0.6 :;;;; 1/J:;;;; 1.2) includes 76 per cent ofthe radius ampli-
tude and is centred approximately on minimum radius. The first entry in Table 7 reproduces 
Table 7. Restricted phase runs for X Ari. 
v2 
Op Ot 
No. Mode V - K a (xl03) (xl03) Ho Range I1r 
Cl -1.290(--1 ) 3.02 3.37 7.20 0.0 to 1.0 1.00 
Cl" -1.265(-1 ) 2.31 3.56 8.01 0.1 to 1.7 0.43 
Clb -1.292(-1 ) 2.73 3.02 7.19 0.6 to 1.2 0.76 
Gl -1.255(-1 ) 5.537(-3) ~4.136(-1 ) 1. 99 2.74 5.92 0.0 to 1.0 1.00 
Gla -'1.260(-1) 8.183(-4) 1.205(-1 ) 2.30 3. 111 7.80 0.1 to 0.7 0.43 
G2a 2 -1.192(-1) 1. 022( ~2) 1.368(0) 3.66 2.48 5.80 
G3a 3 -1.220(rl ) 6.728)-3) 8.132(-1) 2.82 2.68 6.36 
Glb -1.257(-1 ) 5.375(-3) -4.044(-1 ) 1. 52 2.00 5.94 0.6 to 1.2 0.76 
G2b 2 rl.275(-1 ) 2.264(-3) -3.806(-1) 1. 76 1. 70 6.41 
G3b 3 -1.269(-1 ) 3.371 (-3) -4.125(-1 ) 1. 64 1. 72 6.21 
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for reference the full phase run C1. The runs CIa and C1b represent Mode 1, V-K 
parameterizations over domains [a] and [b], respectively. (We have also made these calculations 
in Modes 2 and 3 but do not record them since the results differ very little from those for 
Mode 1). Whereas the C1b results closely agree with those from C1, the CIa calculation 
departs substantially, with the calculated radius ballooning to 8.0 Ro. This is in contrast to the 
case for SW Dra, where the interval centred on maximum radius agreed closely with the full-
phase calculation. 
The situation becomes even worse when we turn to the triple parameterization. The last 
seven entries in Table 7 give results for restricted phase calculations in the G series, the first of 
these entries reproducing the full phase calculation G 1. In this case we cannot omit the results 
from runs employing Modes 2 and 3 because they differ greatly from the Mode 1 calculation. 
In fact the restricted phase results are extremely chaotic, yielding a wide range of coefficients 
and calculated radii depending on the calculation mode and the phase domain treated. 
Certainly the results presented in Table 7 should not leave one sanguine about accepting either 
the V-K or the triple parameterization. 
These negative indications are strengthened by Table 8 in which we record the effects of 
using different order Fourier fits to the K magnitude observations. For the V-K parameteriza-
tion, the entry C1K5 just repeats the result of C1, while C1K4 and C1K6 are runs which, 
respectively, employ 4th and 6th order Fourier series for the K magnitude. (Once again, results 
from Modes 2 and 3 are in agreement and are not displayed). While one sees only rather 
modest differences in op and OJ, the calculated radius Ro varies significantly, particuarly as one 
passes from a Fourier fit of 4th order to one of 5th order. 
With regard to the G series, the entry G 1K5 reproduces the results of G 1. We see that the 
stability with respect to mode that characterized the K5 runs (see Table 6) weakens for K4, and 
for K6 disappears entirely. The calculated radius ranges from 5.9 to 7.0 Ro as the order of the 
Fourier series for K and the mode of the calculation are varied. This is unacceptable. 
Finally, we report on the untabulated results of employing 6th and 8th order Fourier fits for 
the velocity and V magnitudes, as opposed to the 'standard' 7th order fit. The outcome is far 
differrent here, with the coefficients and calculated radii remaining quite stable both with 
Table 8. Runs with different Fourier fits for X Ari. 
No. Mode 
C1K4 
C1K5 
C1K6 
G1K4 
G2K4 2 
G3K4 3 
G1K5 
G1K6 
G2K6 2 
G3K6 3 
v - K 
~1.284(:;1) 
-1.290(-1). 
.,-1.293(-1) 
-1.236(-1 ) 
""1.234(-:1) 
-1.238(-1 ) 
-1.255(-1) 
-1.292(-1 ) 
.... 1.261(-1) 
-1.273(-1) 
8.078(-3) 
7.457(-3) 
7.264(-3) 
5.537(-3) 
-1.724(-4) 
4.803(-3) 
3.099(-3) 
a (x~g3) 02, (xl03) RO 
.-- 3.86 4. 31 8.09 
3.02 3.37 7.20 
~,- 3.18 3.38 7.44 
3.214(-2) 3.05 4.50 6.34 
'-3.651(-1) 3.51 3.89 6.22 
-2.798(-1) 3.32 3.93 6.31 
,..,4.136(-11) 1.99 2.74 5.92 
-5.506(-1) 1. 63 3.77 6.96 
-3.638(-1) 2.48 2.90 6.24 
-3.778(-1) 2.15 2.96 6.50 
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respect to the Fourier fit employed and to the mode of calculation. The radius Ro hovers near 
7.2 R0 for the parameterization in V-K and near 5.9 R0 for the triple parameterization. This 
outcome hints strongly at some problem with the K magnitude. 
5 SW Dra versus X Ari 
The unperturbed radius which emerges from our analysis of SW Dra is Ro"'" 5.3 R 0 . The 
many tests we have performed to ascertain the internal consistency of this result as well as its 
sensitivity to how one treats the observations, indicate a high degree of accuracy within the 
framework of our method. From Tables 2-4 we estimate a crude uncertainty of ± 0.15 R 0 , i.e. 
about 3 per cent. It must be emphasized, however, that this is not a final error estimate, since 
we have no guarantee that circumstances have not conspired to fortuitously produce the 
excellent minimization of op and OJ observed for SW Dra. Further progress on this question 
can only be made after detailed analysis of results from a larger ensemble of stars. Also we note 
that the error estimate we have made does not take account of uncertainties in translating 
radial velocities into pulsational velocities (see, e.g. Hindley & Bell 1986). All versions of the 
BW technique face this same problem. 
In the case of X Ari, the tests we performed do not lend confidence to the results. In fact, we 
found two representations which yield quite different radii: Ro ~ 7 R0 for the V-K parameteri-
zation, and Ro ~ 6R0 for the triple parameterization (V- K, v 2, a). However, in both cases the 
analysis is so unstable that the derived radii cannot be accepted. In the previous section the 
indication appeared that the K magnitude observations could be at fault in this regard. This 
idea is strengthened by a perusal of the K light curve published by J87a. To the eye, the data 
look much tighter in the later half of the phase domain than in the former. Furthermore, there is 
a large range, 0.1 < 'I/J < 0.4, within which there are only four observed points. This range 
samples the expansion phase up to maximum radius. Possible problems with the K data are 
perhaps even more apparent from the light curve given by F88. While these authors have 
added some points within the questionable phase range, we have not employed this new data in 
the present analysis since: (i) the whole question of uncertain transformations between 
different systems would thereby be broached, and (ii) to the eye, the different datasets do not 
appear to agree all that well, particularly in the phase range preceding maximum radius. 
The problematic K light curve of X Ari may be contrasted with the K magnitude observa-
tions of SW Dra, as given by J87b. In this case, at least to the eye, the curve is very smooth and 
the phase coverage excellent. We suggest that the difference between our 'excellent' results for 
SW Dra and the 'poor' results for X Ari is attributable to the K magnitude data. The corollary 
to this suggestion is that not only is the inversion technique highly sensitive to the quality of the 
observations, but that the tests we have employed are capable of distinguishing suitable from 
unsuitable data even when this is not completely obvious from the light curves themselves! We 
shall provide further evidence supporting this claim later in the article. 
6 Comparison with previous results 
J87a and F88 have both treated X Ari. The former authors find Ro = 5.30 ± 0.37, and the 
latter Ro = 5.87 ± 0.17. While the error bars are said to be realistic in both cases, the crucial 
question of the aptness of the method is omitted. This point is highlighted by the fact that the 
two numbers given above do not quite agree even within the large range of the quoted errors. 
The 'Jones' and 'Fernley' groups both employ sophisticated techniques involving model 
atmospheres and both discuss the potential dangers of treating a pulsating star with a static 
model. Either of these two approaches may turn out to be best in the end, and they are both 
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grounded in a physical model (which may, however, be inappropriate) whereas our method is 
strictly empirical. None the less, the inversion technique seems to have certain advantages 
which we shall list and discuss briefly in what follows: 
(i) Because we always compare pairs of phases, we do not need to worry about some 
potential sources of significant uncertainty such as distance, reddening, the zero of the 
temperature scale, etc. (Of course, the other side of this is that we determine radii only and not 
absolute magnitudes.) 
(ii) Ours is a global method which employs the full cycle of pulsation. J87a and J87b limited 
their analysis to the range 0.15 :;:;; 1/J:;:;; 0.60, and although it is not clear what the restrictions 
were in the revised calculation by JCL, the region surrounding minimum radius was definitely 
excluded. F88 used a larger phase domain, 0.1 :;:;; 1/J:;:;; 0.85, and found that their results varied 
little when a subset of this domain, 0.35 :;:;; 1/J:;:;; 0.85 was employed. However, the environs of 
minimum radius were again excluded. Neither group has reported what the effects would be of 
including some or all of this interval. 
(iii) We use quantitative measures to judge the quality of our solutions. Thus the minimiza-
tion of op not only determines the surface brightness coefficients, but the size of the minimal 
value of op is used to evaluate the representation. Similarly 0) is used both to derive the radius 
and to judge the parameterization. In addition, we perform a number of other tests and checks 
(stability with respect to calculation mode, phase interval, Fourier representation, etc.) all 
designed to probe the quality of the results. 
While items (i) and (ii) above are rather straightforward, the last point perhaps needs some 
elaboration. In the inversion technique, the minimization of op plays the role that is given to a 
model atmosphere in the approaches of the 'Jones' group and the 'Fernley' group, i.e. the 
specification of a photometric angular diameter at each phase. However, in our method the 
size of the minimal value of op provides an estimate of how well the photometric angular 
diameters of the pairs have been reconciled. When model atmospheres are employed it is 
much more difficult to say how well a given model has performed in translating observed fluxes 
into bolometric magnitudes and temperatures. 
Furthermore, while both the 'Jones' and 'Fernley' groups perform the equivalent of the 
minimization of 0) (i.e. the fitting of the spectroscopic and photometric angular diameters), no 
quantitative measures have emerged of the success of the fit. This is despite the fact that both 
groups have produced diagrams similar to our eta plot, and that the 'Jones' group, particularly, 
has employed qualitative evaluations of these diagrams to pose many interesting questions 
regarding stellar atmospheres. 
While the radius-phase plots of J87a and J87b are not easily amenable to quantitative treat-
ment, it is not too difficult to crudely calculate the equivalent of 0) from Fig. 6 of F88. Using a 
ruler on the lower plot of this figure, we find the average distance of a point from the curve, 
divide by the maximum angular radius in order to normalize as in the present work, and divide 
again by 0.8 to translate the mean deviation into a standard deviation. The result is 
0/F88)=4.0 x 10- 3• Comparing with Table 7 we see that this value is similar to, or perhaps a 
bit worse than, what we obtain in fits Cl and G 1. None the less, both JCL and F88 assign a 
radius to X Ari while we must decline to do so. Indeed it is not clear that any criteria exist for 
rejecting given calculations in the 'Jones' and the 'Fernley' approaches. 
Considering the two quite different radii we have derived for X Ari, it is tempting to throw 
out the first ( ~ 7 R 0) as unphysical and accept the second, particularly, in light of the lower 
standard deviations of Gl compared with Cl. In that case our result would agree quite closely 
with that of F88. Unfortunately, the arguments of the previous section force us to reject G 1 as 
well as C1. However, it is interesting to ask whether Cl ought to be summarily discarded, apart 
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from its failure to pass the various consistency tests. That is we might ask: is the radius 
Ro = 7.2 R0 emerging from Cl totally out of the question for X Ari? 
For Ro = 7.2 R0 the period/mean density relation yields a mass of approximately 1.1 M 0 . 
Using a temperature of 6600 K we obtain L z 90 La. Such an object certainly seems too 
massive and thus too luminous to be an RR Lyrae star. However, this luminosity and period fit 
comfortably into the plot of Zinn (1980) for anomalous Cepheids. Furthermore, both the 
amplitude of X Ari and the shape of its light curve are seen to resemble rather closely the 
corresponding characteristics in the anomalous Cepheid V 134 (Zinn & Searle 1976). This 
star, found in the metal-poor Draco galaxy, has a period of 0.59 day. 
In view of the existence of anomalous Cepheids in dwarf spheroidal galaxies, the SMC and 
the galactic globular cluster NGC 5466, one may well wonder about their absence among the 
metal-poor field popUlation in the Milky Way. On the other hand, given the resemblance of 
their light curves to those of RR Lyrae stars, it might also be asked how we would know a field 
anomalous Cepheid if we saw one. Recently, Simon (1988) has pointed out an observational 
dichotomy which occurs among the RR Lyrae field stars at a period of about 0.58 day. The 
shorter period stars show a strong correlation between the Fourier phase parameter ¢21 and 
the metallicity, but this relation seems to disappear in the longer period objects. The ultimate 
cause of this difference is not known. 
Given all of these considerations, it is our opinion that the possibility cannot be excluded 
that some of the metal-poor, fundamental mode, field pulsators are anomalous Cepheids. 
Thus, while we are unable to assign a radius to X Ari, we do not rule out the result emerging 
from run Cl, namely Ro iii;, 7 R 0. 
Moving briefly to SW Dra, we may compare our result (R= 5.3 Ra) to that reported by JCL 
(R =4.9 Ra). If our method is appropriate then we do not believe that the radius of SW Dra 
can be as small as 4.9 R 0. However, the JCL result does overlap ours at the upper limit of their 
error bars. 
Finally, we report the results of a few additional calculations. First, when we increased the 
number of pairs of equal radius from 50 to 100 for both SW Dra and X Ari the changes in the 
outcome were entirely negligible. Second, when we combined 50 pairs from SW Dra and 50 
pairs from X Ari to determine the coefficient of V-K (single parameter run) and then fit radii 
to the data from each star, we obtained Ro (SW Dra)=5.39 R0 and Ro (XAri)=7.12 R 0 . 
These values are very little changed from runs Bl (SW Dra) and Cl (X Ari). 
The third set of additional calculations were performed to test the small amplitude approxi-
mation involved in going from equation (1) to equations (2) and (4). A number of authors have 
sounded cautionary notes regarding this approximation (see, e.g. Barnes et al. 1987). Indeed, 
since the radius pulsation amplitudes in the two RR Lyrae stars we have treated approach or 
exceed 15 per cent, one might expect that higher order terms will begin to make a non-
negligible contribution. However, upon closer examination, this turns out not to be the case. 
The exact relation which equation ( 4 ) approximates is 
YJm = log( 1 + r m/ Ro) -log( 1 + r/Ro)· (11) 
One may compare equation (11) with equation (4) by expanding the former and keeping 
quadratic terms. Using SW Dra as an example, one finds I YJ m( equation 11) - YJ m( equation 
4) I z 5 x 10 - 4 at a typical phase during the cycle. Furthermore, this difference is sometimes 
negative and sometimes positive so that the effect at various phases tends to cancel. Thus the 
indication is that the derived radius Ro will be little affected by the small amplitude approxima-
tion. To test this surmise we have recalculated run Bl fo~ SW Dra and run Cl for X Ari using 
the exact expression, equation ( 11 ). In both cases, the change in Ro is well under 1 per cent and 
thus completely negligible. We conclude that equation (4) can probably be employed in almost 
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all cases involving RR Lyrae stars and classical Cepheids. Should the case be doubtful, one can 
substitute equation ( 11 ) with very little extra effort. 
7 USgr 
We turn now to the classical Cepheid U Sgr. We use CORA VEL radial velocities (Mermilliod, 
Mayor & Burki 1987) along with two different sets of photometric observations - the Cousins 
photometry of Gieren (1981) and the Johnson photometry of Moffett & Barnes (1980). 
Table 9. Fourier fits for U Sgr, P=6.745363 d. 
Name Order SD R2.1 t21 R..11 4>3.1 . pU 
Ve4 4 0.48 0.495 6.500 0.188 7.116 7.012 
Ve5 5 0.38 0.503 6.526 0.210 7.111 7.170 
Ve6 6 0.39 0.504 6.514 0.208 7.105 7.143 
V4G 4 9.87(-3) 0.348 4.761 0.133 2.622 3.849 
V6M 6 1. 77(-2) 0.343 4.805 0.167 2.653 1 .186 
BV3G 3 7.79(-3) 0.322 4.377 0.105 1.826 
BV4G 4 7.44(-3) 0.323 4.348 0.100 1 .71 4 2.987 
BV5G 5 6.62(-3) 0.330 4.383 0.100 1.782 2.815 
BV31~ 3 1.00(,..2) 0.328 4.314 0.077 1.982 
BV4M 4 9.68(-3) 0.329 4.323 0.076 1.957 5.148 
BV5M 5 8.82(-3) 0.327 4.318 0.074 1.960 5.146 
VR4G 4 5.62(-3) 0.329 4.178 0.126 1.602 2.751 
Table 10. Runs for U Sgr. 
(x~83) <1~ No. Mode V - R B - V (xl03) B.o. Ran~e ~r 
A1 ,-.4.781(-1) 4.17 5.18 52.9 0.0 to 1.0 1.00 
Bl -2.121(-1) 1.33 2.07 54.3 " " 
a) 
Cl ~2.002(-1) 6.52 5.40 50.8 " " 
Bla -;- -2.111( ... 1) 0.83 0.86 50.2 0.1 to 0.7 0.37 
Blb -2.121 (-1) 1.39 2.43 55.1 0.6 to 1.2 0.84 
B1Ve4 ,..2.121(-1) 1.41 2.08 53.6 0.0 to 1.0 1.00 
B1Ve6 -2.122(-1 ) 1. 37 2.10 54.6 " " 
B1SV3 -2.131 (-1) 1.69 1. 68 54.3 " " 
B1BV5 ~2. 161 (-1 ) 3.49 2.42 56.5 " " 
a) 
C1BV3 -1 .997 (-1 ) 7.33 5.37 54.2 " " 
a) 
C1BV5 -2.004(-1) 6.90 4.78 53.0 " " 
"Observed data on Johnson system (Moffett & Barnes 1980)-. 
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Table 9 reports on the Fourier fits to the data, while Table 10 gives the results for various 
parameterizations. The standard fits are YeS, V4G, BV4G, VR4G, V6M, BV4M, where G 
indicates the Cousins data of Gieren and M the Johnson data of Moffett & Barnes. Runs AI, 
B1 and C1 present the results of single-variable parameterizations employing {V-Rb {B- V)c 
(Gieren 1981) and {B-V)J (Moffett & Bares 1980). While the derived radius Ro differs little 
between Al and B1, the values of op and 0 1 indicate that B-V is much superior as a surface 
brightness parameter. On the other hand, the B, V data of Moffett & Barnes (run C1) yield a 
radius about 7 per cent smaller than that emerging from Gieren's B, V observations, but with 
values of op and 01 much larger than in run B 1. Fig. 4 shows eta plots for all three runs. The 
superiority of the Gieren B-V parameterization to both the Moffett-Barnes B-V and to the 
Gieren V-R is clearly illustrated. 
In runs B1a and BIb we employ the Gieren B-V data over the limited phase domains 
0.1 ~ 'IjJ ~ 0.7 and 0.6 ~ 'IjJ ~ 1.2, respectively. The range in Ro is seen to balloon to 10 per 
cent. In fits B 1 Ve4 and B 1 Ve6 we test the effects of fitting the velocity data with Fourier series 
of 4th and 6th order, respectively. The differences with run B1 are negligible on all counts. 
This attests to the accuracy and phase coverage of the velocity curve. Run B1BV3 employs a 
3rd order Fourier fit to the Gieren B-V data, while B1BVS uses a Sth order fit. Compared to 
4.0 
3.0 7im or 7Jm 
(XI02) 
2.0 
1.0 
0.0 
4.0 
3.0 
71m or 7Jm 
(X 102) 
2.0 
1.0 
0.0 
3.0 
71mor 7Jm 
(XI02) 2.0 
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U 5gr x • 
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,) 
, ~""- B-V 
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." 
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~. 
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Figure 4. Eta plot for runs Cl (B-V, Moffett-Barnes), Bl (B-V, Gieren) and Al (V-R, Gieren) for U Sgr (see 
Table 10). Symbols as in Fig. 1. 
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B1, the derived radius changes negligibly in B1BV3, while in B1BV5 the change in Ro is not 
large, but ap and al rise noticeably. This hints that a 5th order fit may not be warranted by the 
data which has a number of phase gaps. Finally, we use 3rd order (run C1BV3) and 5th order 
(C1BV5) Fourier fits to the Moffett-Barnes B-V data. The calculated radius Ro rises close to 
its value in B1 while the standard deviations remain very high. 
We have performed other calculations not listed in Table 10. Modes 2 and 3 were employed 
for all the parameterizations displayed in Table 10 and the results differed negligibly from 
those emerging from Mode 1. In addition, we tested multi-variable parameterizations using the 
two colours and the hydrodynamic variables v 2 and a. All of these runs were rejected 
according to the criteria developed in previous sections. 
Thus we are left with two quite interesting results: (i) the distinct superiority of B-V over 
V-R as a surface brightness parameter, and (ii) the significantly lower standard deviations, ap 
and aI' yielded by Gieren's B-V observations as compared with those of Moffett & Barnes. 
The first of these results is not new. Gieren (1982) found the same when employing the 
maximum likelihood method of Balona (1977). However, he made very little of this finding, in 
line with the idea, advanced by a number of authors since the pioneering work of Barnes et al. 
(1977), that redder colours are preferable and, in particular, V-R is to be preferred to B-V. 
Indeed, the hold of this idea on the literature is illustrated in a paper of Bell & Gustafsson 
(1980) who constructed surface-brightness/colour diagrams, for both model atmospheres and 
observed stars. These authors also found B-V to be superior, but played down the result 
because 'in principle . .. the abundance and gravity effects ... are smallest for the V-R colour and 
we consequently expect this ... to show the least scatter ... ' (italics my own). Our present results, 
along with those of Gieren (1982), indicate strongly that this expectation is not fulfilled. 
We turn now to the question of differences between the two sets of B- V data. Let us 
compare the two Fourier fits BV4G (Gieren) and BV4M (Moffett-Barnes) from Table 9. The 
standard deviation of the fit is slightly lower for the former and the, inferred amplitudes differ 
by about 0.02 mag. However, the Fourier quantities up to third order are quite similar and if 
our purpose here were the plotting of Fourier diagrams (e.g. Simon & Moffett 1985), the two 
sets of data would be considered virtually identical. Indeed, when the Fourier representations 
are plotted, one can detect only very slight differences by eye. 
None the less, when this data is used for surface brightness parameterization, the inversion 
technique we have employed proves itself highly sensitive to these small differences and clearly 
prefers the Gieren observations. Can this sensitivity be real, and, if so, what could be the 
physical distinction between these two excellent sets of data? We comment now on the latter 
question, leaving the former for a subsequent section. We believe the most likely explanation 
for the superiority of the Gieren B-V data lies in the much tighter standards of the Cousins, as 
compared with the Johnson, photometry. From night to night or season to season a different 
set of Johnson standards will yield zero point differences as large as 0.02 mag, while in the 
Cousins system these differences are of the order of a few thousandths of a magnitude (Taylor 
1986). While the inversion technique will not be affected by a constant difference in zero point, 
a variable difference of the size just mentioned will have a very significant effect as indicated by 
the uncertainty estimates given in Section 3. This effect is certainly large enough to account for 
the differences in the quality of the results between the two datasets. 
We close this section with a brief discussion of the radius of U Sgr. Gieren finds 
Ro = 53.8 R0 using V-R as a parameter (Gieren 1984) and Ro = 58.9 employing the maximum 
likelihood technique with B-V (Gieren 1982). Moffett & Barnes (1987) derive Ro = 57.6 while 
Barnes et al. (1987) find Ro = 75.6. The difference in the two latter numbers stems from use of 
a different coefficient for V-R in the surface-brightness relation. The various determinations 
made by us have a range of about 10 per cent, from about 50 to 55 R 0' This uncertainty is not 
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satisfactory for our method, and we believe it could be improved with more comprehensive 
data. The Gieren photometry in the Cousins system, though very accurate, consistes of 46 
points with significant phase gaps, especially before and after maximum light and in the vicinity 
of the 'bump' near maximum radius. The Moffett-Barnes data consist of only 36 points, 
although somewhat more spread out in phase. Better phase coverage would narrow the 
uncertainty in our result. 
8 Discussion 
It is useful to begin this discussion with reference to a circumstance pointed out in the previous 
section, namely that the same method and data yielded very different radii for U Sgr due to use 
of a different surface brightness coefficient. An overall comparison of Moffett & Barnes (1987) 
and Barnes et al. (1987) shows, as expected, that the individual radii derived for given stars 
differ substantially in practically all cases. None the less, the slopes of the mean period-radius 
relation obtained for the two different analyses agree within the formal errors. Furthermore as 
Moffett & Barnes (1987) point out the mean period-radius relations from many different 
authors using differing techniques are in fair general agreement and seem to be on a converging 
path. 
However, while the averaging techniques have beaten down individual errors in such a way 
as to forge this agreement, the process by its nature discards much information, including that 
of the highest priority. In the first place, the determination of the radius of an individual star 
directly yields its mass. Whereas the mass distribution of a group of such stars provides a test 
of stellar evolution, the mean mass of a sample at given period is much less useful, especially 
when the errors are large. Second, the calculation of a mean P-R or P-L equation begs the 
question of whether or not there exist physically distinct groups of stars which possess distinct 
P-R or P-L relations. This question is especially significant when external galaxies are treated 
and compared. 
Since fractional uncertainties of 10 per cent in the derived radius of a star imply uncertain-
ties of 30 per cent in the mass, it is necessary to determine radii to within a few per cent in 
order to attack the questions raised in the preceding paragraph. In previous sections we have 
argued that use of the inversion technique can reduce uncertainties within the method to this 
level provided that highly accurate observations are obtained with extensive phase coverage. 
The methodological uncertainties referred to here were estimated in a strictly empirical 
manner by 'tweaking' the methodology in every reasonable way and noting the changes in the 
derived radius. We emphasize again that the true uncertainty in the radius also involves the 
physical aptness of the surface-brightness parameterization and cannot be properly estimated 
in the absence of an ensemble of stars. 
None the less, the deviations op and 0, do provide a direct measure, point by point, of how 
well the parameterization is working. The remarkable sensitivity of these quantities to the input 
data strongly suggests a solid physical basis. How else is one to understand, for example, the 
strong preferences for B-V over V-R and for the Gieren over the Moffett-Barnes data in the 
case of U Sgr? These results only make sense if the smallness of op and 0, really reflect the 
physical aptness of the parameterization. Furthermore, in the case of SW Dra, where the 
observations are sufficient, we have shown that the size of the standard deviations is consistent 
with what one might expect from observational uncertainties alone. This also argues that the 
parameterization is physical. 
Such a result, if sustained by further work, is rather surprising since it implies that a single 
colour provides an excellent representation of the relative temperature and bolometric correc-
tion of a pulsating atmosphere over the entire cycle. It is not clear why this should be so. 
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Certainly, as our sample of stars grows, our results, along with those of other authors using dif-
fering techniques, ought to provide a great deal of useful information for a theory of dynamic 
model atmospheres. A start on these questions has already been made by Jones (1988) and 
constitutes an important side benefit of the BW analysis. 
9 Conclusions 
(i) We find V-K to be superior as a surface-brightness parameter for RR Lyrae stars, but 
B-V is superior for classical Cepheids. 
(ii) No evidence is uncovered for the utility of multi-variable parameterizations, although 
we do not rule out this possibility. 
(iii) The small amplitude approximation [equation (4)] should be applicable for virtually all 
classical Cephids and RR Lyrae stars. 
(iv) The radius we derive for SW Dra is near 5.3 R(j. The methodological uncertainty (see 
Section 5) in this number is only a few per cent. 
(v) We are unable to derive a consistent radius for X Ari. The difficulty is probably attribut-
able to a phase gap in the K magnitude observations. 
(vi) The radius we derive for U Sgr lies between 50 and 55 R(j. This uncertainty could be 
narrowed by filling in phase gaps in the photometry. 
(vii) A photometric system with tight standards, e.g. the Cousins system, should be used for 
successful applications of our method. 
(viii) Given accurate data and extensive phase coverage, the BW inversion technique seems 
capable of determining the radii of individual stars with methodological uncertainties (those 
connected with details of how the method is applied and with observational errors) of a few per 
cent. 
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